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DYNAMICS OF FREDERIKS TRANSITION 

KAMENS K Y  V i aches 1 a v 
L.D.Landau Inst i tute  f o r  Theoretical Physics of the 

USSR Academy of Sciences, M O S C O W ,  USSR 

Abstract A model describing the dynamics of the 
Frederiks transit ion i n  a n  inhomogeneous case i s  

proposed. Formation and  motion of structural wall s 
i s  investigated. 

The Frederiks transition i s  one of the well-known and 
well-investigated phenomena in liquid crystals.  This i s  
accounted for ,  on the one h a n d ,  by a relatively simple 
experimental technique of the study, a n d ,  on the other 
h a n d ,  by practical significance of the effect .  I t  i s  
natural t h a t  the study of the s t a t i c  case i s  most complete. 
The study o f  the dynamics of the effect  i s  less complete 
and  the existing papers (see [ I ]  and references therein) 
describe processes of formation of the orientation 
structure on ly  a long  the direction, orthogonal t o  the 
plates, res t r ic t ing a nematic liquid crystal ,  i .e.,  in 
one-dimensional case. Then the mean-quadratic fluctuation 
of the angle of deviation of the director from the equi- 
librium in the moment when the f ie ld  i s  switched on,  i s  
chosen as the in i t ia l  condition, homogeneous in the 
plane, parallel t o  the plates. 

due t o  the presence of defects, boundaries, etc. ,  th is  
requirement of homogeneity is n o t  fu l f i l l ed .  Accordingly, 
characterist ic times of formation of the structure w i l l  

be determined by other mechanisms whose study require 
a more detailed description. 

However i t  i s  quite na tu ra l  t h a t  for  real specimen 
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278 V.  KAMENSKY 

Take a case of the original horneotropic orientation 
of the director.  Chose the z-axis in the direction o f  

the original orientation ( a n d ,  consequently, o r t h o g o n a l  
t o  the plates,  res t r ic t ing the c r y s t a l ) ,  the x-axis - 
i n  the direction of the magnetic f i e l d ,  imposed parallel-  
ly t o  the plates and assume inhomogeneity a7ong the 
y-axis. The equations of motion of an incompressible 
nematic become two-dimensional. The equations of motion 
f o r  the velocity o f  a nematic 'V , pressure P and  
angle of the deviation of the director from the i n i t i a l  
position are obtained in a standard fashion [ I ]  and  are 
not reproduced here because of the i r  bulky form. Note 
o n l y  t h a t  i t  i s  assumed i n  these equations t h a t  < 1 

and the main nonlinear terms are  retained. 
The next step i s  the study of the ins tab i l i ty  of 

Linearization of these equations ( i n  the i n i t i a l  rfioment 
CQ = 0 )  permits to  exclude and  P exactly. Thus, 
i t  i s  necessary t o  investigate the s t a b i l i t y  of on ly  the 
equation for  Cp . The dispersion relation for  
perturbations 

the obtained system of the equations of motion. 

8Cp - exp ( ikX+L7z+d)  i n  th i s  case i s  

where K L  are t h  

x (4 +d,- &) 
are  Leslie coeffi 

1 e F ra n k con s t a n  t s , J' *= [ $, (d+ +&) - d+]x 

i s  the effective viscosity, di 
cients ,  H i s  the magnetic f ie ld  a n d T a  

i s  the anisotropic p a r t  of the magnetic susceptibil i ty.  
If t o  assume t h a t  thereoccurs a strong coupling of 

nematic molecules w i t h  the res t r ic t ing plates,  the wave 

vector 9 may take only discrete values Cj=%m/d=lllp 
(here d i s  the s ize  o f  the sarliple in the direction Z , 
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FREDERIKS TRANSITION 219 

m =  l y 2 , . . . ) .  Then as i s  clear from ( I ) ,  for each harmonics 
m there i s  a certain c r i t i ca l  f ie ld  H h c a t  which 
U(0,YnY)becomes zero and  the system loses i t s  s tab i l i ty  

re la t ive to the m - t h  harmonics. Simple estimates show 

t h a t  i n  real experiments there i s  always a sufficiently 
broad region of f ie lds  2Hc>H7H, /Hc=(K,I;Xaf'2,1dl 3 

where the f i r s t  harmonics w i t h  9~9.~ becomes unstable. 

This i s  the case we shall consider henceforth. Then the 
wave vectors k , corresponding t o  the unstable s t a t e ,  
must obey the inequality , where 

obvious t h a t  perturbations w i t h  k = 0 increase with 
the largest  increment. 

, in the l inear 
approximation i n  the system an instabi l i ty  f o r  modes w i t h  
the respective small wave vectors k and w i t h  a small 
increment CI) s t a r t s  developing. Increasing perturba- 
tions cease to sat isfy the l inear theory a n d  t o  describe 
them i t  i s  necessary to employ the t o t a l  system of 
nonlinear equations o f  motion. An exact solution of this  
system i s  not possible. Yet, as the analysis o f  the 
system and the successive comparison o f  the results w i t h  

the assumptions show, in the case when 8, < I  the t o t a l  
system of equations o f  motion can a l s o  be reduced t o  a n  
equation for  . This equation i n  dimensionless 

variables f=d(l.x , y=qOz 2=K,(t;t/~*, V=(K,/&y''is 

k' S so$ & /K4 
So=(U2-H:)/H: i s  the ins tab i l i ty  parameter. I t  i s  

Thus, i n  the case of small so<I 

Due t o  the nonlinearity in the solution there emerge 
a l l  harmonics, higher i n  y o  for  which the f i r s t  
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280 V. KAMENSKY 

harmonic i s  the source, therefore the solution o f  E q . ( 2 )  
will have the form 
insertion of this  expression into ( 3 )  and the analysis of 

equations for  each harmonic shows t h a t  the aniplitude A,., 
of higher harmonics i s  much smaller t h a n  the amplitude 
of the f i r s t  harmonic, therefore they can be neglected. 

Thus, the solution of Eq.12) in the main a p p r o x i m a t i o n  
will have the form Y = A ( J I Z )  sin 
i s  the function weakly dependent on 3 and 

(aA/aj ,aA/'X << I 
a n d  k. The small values of the derivatives of A over 

l inear i ty  in Eq.(2). As a resu l t ,  i t  becomes 

Cp=x, A,[31z)sin(uy) . ttowever, 

, where A(5)T) 

) due to  the small values o f  Li, 

3 make i t  possible t o  simplify the form o f  the non- 

wT= w,, + w - w 3  ( 3 )  

where T = ~ ~ T ,  x = V 2 !  A ~ ( 2 S o ) " 2 ~  W . 
Investigation o f  equations of th i s  type with loca- 

lized i n i t i a l  perturbations was f i r s t  performed in [23 
and  developed i n  [3]. The basic resul ts  of these works 
can be formulated as follows. I n  systems, described by 

Eq. (3 ) ,  the transit ion from an unstable into a stable 
stationary s t a t e  occurs due to  propagation of the wave- 
f r o n t  connecting the regions o f  these s ta tes ,  the form 
of the front i s  determined by the solution of 
ordinary second order different ia l  equation and the 
velocity of the f r o n t  i s  constant w i t h  logarithmic 

the 

accuracy a n d  i s  equal t o  2. 
solution of Eq.(3) reads 

W(X,T)=W[x-2T 

I n  i t s  complete form the 
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FREDERIKS TRANSITION 28 1 

where N(k) i s  the Fourier transform of the i n i t i a l  
condition 
velocity of the front C = 2 S ~ / 2 ( K , K ~ ~ f 2 ~ ~ ~ * ~ C , a n d  w i t h  
typical sizes d .vIO-3-IO-2crn 
characterist ic s ize  o f  the front i s  of the order 

Lt/ (x,r=o). I n  dimensionless variables the 

C,-I~-~-IO-~cm/sec. The 

d(K,//(3)l/2&ii/2 . The magnitude of the amplitude of 
the stable s ta te  i s  
t i c  time of the stable s t a t e  formation comprises the two 
parts. The f i r s t  p a r t  
f as tes t  mode ( w i t h  k=o)  of the in i t ia l  perturbation: 

. The second p a r t  i s  the time the 
wave covers i n  the direction X the distance of the 
order of the s i z e s  o f  the sample 
where 1 i s  the l a n g t h  of the sample i n  dimensionless 
units. Thus the ent i re  time of the stable s ta te  formation 

i s  T0-L/2 -h1@(0)t . 
one usually takes the mean quadratic fluctuation o f  

the value of the angle 
i .e. , < ( A w ) 2 > .  Thus, 

A -6:12(K3/K,y’2. The characteris- 

i s  the time o f  g r o w t h  o f  the 

T,N -ffi1$(o)l 
: T2- L/C = L/2 , 

As the in i t ia l  condition for  the homogeneous case 

i n  the plane o f  the layer,  

2 
where i n  dimensional variables < - kaTi I h 26, I/nd K&. 
Here TK 
constant. Since for n o t  t o o  large 

i s  the temperature , k, i s  the Boltzmann 
so and  for  the sizes 

d , typical of the experiment, <(hWp> < < I ,  
the characterist ic time of the fluctuation mechanism, as 
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282 V. KAMENSKY 

I t  i s  evident t h a t  the i n i t i a l  s t a t e  of the specimen, 
homogeneous i n  X i s  a great simplification of the 
model. I n  real conditions there are  always inhomogeneities 
caused by properties of the rest r ic t ing plates or by edge 
effects .  Therefore the b o t h  mechanisms o f  formation of 

the stable structure may be i n  principle realized. To find 
the contributions coming from these mechanisms i t  i s  
necessary t o  compare the times T,, , Let us 
estimate these times using the following values of the 
character is t ic  parameters for  MBBA: K i  = 6,O 10-7dyn,  

Assuming t h a t  the s ize  of the specimen i s  t-d-lo”, the 
s ize  o f  the perturbation region i s  - d . f O - ”  (remember 
t h a t  the amplitude o f  the i n i t i a l  s t a t e  i s  A&%‘f), 
we get i n  the resu l t  Tg 2 -h(46040-”-~), T,z~YS!~{O”. 
A t  d =  IO-*cm, M = I ,  P t = 1  /Ain-F,1/2~.~0‘2/ 

and T p  

K,= 7.5  1 0 -  7 dyn ,  f= 1 9 - 1 0 - ~  Poise, TK = 300K. 

1 o-2  3.6 3.9 1.8 10”’ 
5 -  1 O-‘ 4.6 3.1 3.9 

10-1 5.2 2.7 5.5 1 o n - I  

This estimate shows t h a t  a t  hl -1  a l l  the times are  
comparable with each other. A t  increasing &, and  d , 
the value of T+e also grows, whereas T.. descreases. 
As fo r  T.  
i t s  value i s  of the order of the magnitude o f  T s ~  . I t  

should be mentioned, however, t h a t  the estimate of TZ. 
holds for  the case when the in i t ia l  perturbation was 
unique and was localized a t  one o f  the edges of the 

, a t  the same values o f  the parameters 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

1:
44

 1
9 

Fe
br

ua
ry

 2
01

3 



FREDERIKS TRANSITION 283 

specimen. Yet, in rea l i ty  i n  a specimen there may be a 
considerable number of perturbation centers generating 
the corresponding waves. Then T2 will descrease 
proportionally t o  th i s  number. Thus, these estimates 
show t h a t  there can possibly exis t  certain conditions 
when formation of the f i n i t e  structure i n  the Frederiks 
transit ion resul ts  from formation of the stable structure 
in the f i n i t e  regions of the specimen a n d  from further 
expansion of these regions. 

the system walls can be formed. Their characterist ic s ize  
will evidently be of the order of the s ize  of the f r o n t  
( i . e . ,  d W ~ d / ~ 6 ~ ’ * )  a n d  must grow with decreasing &, 
This dependence was a1 so obtained theoretically from 
energy considerations i n  [4 ,5) .  Such walls were observed 
in experiment a n d  reported in [ 6 ]  where the dependence 
d, -6,, was observed and  the sizes of the walls were 

i n  good agreement w i t h  the values predicted i n  th i s  work. 
I n  t h i s  paper the values of the velocity 
were measured depending on the values of 
found t h a t  a t  

In the resul t  of the interaction of wavefronts i n  

-2 

s 
6, 

s !% 3.10-5 and  a t  decreasing 

of the walls 
. I t  was 

6, > 0.1, 

6, i t  noticeably grows. In terms o f  the proposed 
mechanism, the motion of walls can be described in the 

following fashion. When two oppositely moving waves form 
a wall, then in the main approximation since the velocities 

of the motion o f  the fronts are identical and equal 2 i n  
dimensionless variables, i t s  center must be non-moving, 
fixed. Yet, as i s  clear from (4), there are  also logarith- 
mic additions t o  the velocity, associated with the i n i t i a l  
perturbation. I t  i s  a t  the expense of the difference of 
these logarithms and  of the difference of the in i t ia l  
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284 V.  KAMENSKY 

condi t ions  f o r  each f r o n t  t h a t  a non-zero, much smal le r  
than the value of the v e l o c i t y  o f  the f r o n t ,  v e l o c i t y  of 
the wall occurs .  Actually <<C . T h i s  can a l s o  
q u a l i t a t i v e l y  account f o r  the growth of 

have a f a c t o r  T-' before the logari thm, their  
d i f f e r e n c e  i s  T- ' -propor t iona l .  A t  the same time i n  
virtue of the d e f i n i t i o n  of T i n  dimensional v a r i a b l e s ,  
i t  i s  & -proport ional  which a c t u a l l y  genera tes  the  
corresponding divergence i n  . 

a t  decreasing 

6,, . Since c o r r e c t i o n s  t o  the v e l o c i t y  of the f r o n t  

[ I ]  Gennes P.G. "The Physics of L i q u i d  Crys ta l s" ,  
Clarendon Press, Oxford, 1974. 
[ 2 ] .  Kolmogorov A.N. , Petrovsky I.G. , P i s k u n o v  N.S. , 
B u l l e t i n  of tJloscow Universi ty ,  Math.and Mech.,1937,No1,1. 
[33. Kamensky V.G., Manakov S.V. Pis'ma v ZhETF, 1987,45, - 
499. 
[4]. He1 f rich \I. Phys .Rev. Lett. ,1987 , - 21 , 1518. 

[5]. Brochard F. J.de Phys., 1972,33,607. - 
[6]. Leger L. Sol.St.Com., 1972,10,697; - - 11,1499. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

1:
44

 1
9 

Fe
br

ua
ry

 2
01

3 


